When M is one-dimensional, Hitchin [8] observed that the harmonicity of u gives rise to the structure of a Higgs bundle on V; namely, since (D ′′ u ) 2 = 0, one can consider V as a holomorphic vector bundle under the operator ∂, denoted by E later on, and hence θ is a holomorphic 1-form valued in Hom(E). In the higher dimensional case, using Siu's Bochner formula ( [24] , also see [21] ), one can show that u, as a map, is pluri-harmonic [4] , equivalently, this is (D ′′ u ) 2 = 0. So, in the higher dimensional case, one still has the above structure of a Higgs bundle with θ∧θ = 0 (this is automatical in the case of Riemann surface). An equivalent but more geometric observation was actually discovered earlier by Jost-Yau [12] , where from the harmonic map they derived a fibration which is holomorphic, namely θ is holomorphic. Later on, we call (E, θ) with θ ∧θ = 0 the Higgs bundle and D ′′ u the Higgs operator, which is integrable.
Definition. A harmonic bundle on a complex manifold M is a complex flat vector bundle V over M with a harmonic metric u satisfying the induced operator D ′′ u is integrable, so that one has an induced Higgs bundle (E, θ) as above.
For a harmonic bundle on a complex manifold, one can define various cohomologies.
Let us first give some formal definitions. Let V be a harmonic bundle with a harmonic metric u. By V D denote the locally constant sheaf of flat sections of V. This sheaf is resolved by de Rham complex of sheves of C ∞ differential forms with coefficients in V: 
Call the cohomology of the complex of global sections the de Rham cohomology, denoted by H * DR (M, V).
For the corresponding Higgs bundle (E, θ), we also can define cohomologies as follows. First, we have a complex of free sheaves of locally holomorphic forms valued in E, called the holomorphic Dolbeault complex:
The condition that θ ∧ θ = 0 insures that this is a complex. Then, define the Dolbeault cohomology with cofficients in E to be the hypercohomology of the above complex
Furthermore, the complex of sheaves of local C ∞ sections valued in E with
gives a fine resolution of the holomorphic Dolbeault complex, so H * Dol (M, E) is naturally isomorphic to the cohomology of the complex of global sections . This is just a consequence of the (local) Kähler identity for harmonic bundles and the theory of harmonic forms; for details, see the end of this section.
When M is non-compact, e.g. M = M − D, D being a divisor of M , the situation gets very complicated; one does not necessarily have the isomorphism between the de Rham cohomology H * DR (M, V) and the Dolbeault cohomology H * Dol (M, E). Roughly speaking, these cohomologies are too big for study and applications, so that we have to modify all the above four classes of cohomologies. A good method for modifying them are to consider certain sub-complexes by using certain growth condition and the corresponding cohomologies.
In order to modify these cohomologies, let us consider the following setup, which geometrically is the most interesting. Let M be a compact Kähler manifold with a Kähler metric ω 0 , D = 
Now, suppose that V is a harmonic bundle over M with a harmonic metric u, E, θ the corresponding the Higgs bundle, the Higgs field. Using the metric ω on M and the metric u, one can define (local) square-integrable forms valued in V or E. Using (local) square-integrable forms, one then can define the corresponding sub-complexes on M of (1) and (2) respectively as follows:
where the sheaves A i (2) (V) are defined as follows:
is defined as the set of V-valued i-forms η on U ∩ M with measurable coefficients and measurable exterior derivative Dη, such that η and Dη have finite L 2 -norm; and {A (2) (V), D} is the complex of global sections of {A (2) (V), D}.
Since the sheaves A (2) (V) are fine, the hypercohomology of the complex {A (2) (V), D} is isomorphic to the cohomology of the complex {A (2) (V), D}. We call this cohomology the L 2 -de Rham cohomology, denoted by H * DR,(2) (M, V); correspondingly, the complex is called the L 2 -de Rham complex.
On the other hand, as mentioned before, the sheaf cohomology H * (M, V D ) is too big in such a non-compact case, according to a suggestion of Deligne, one should consider the (middle) intersection cohomology [1, 6, 7] with coefficients in the direct sheaf j * V: H * int (M , j * V). Then, one has the following
Now, we turn to the Dolbeault cohomology. In this case, we need to pay much more attention to the properties at the divisor of the representation ρ of π 1 (M ) and the asymptotic behavior of the harmonic metric u; but here, we will not involve in much more details, instead, we will give some direct statements; in the next two sections, these will be stated more clearly.
Similar to the L 2 -de Rham complex, we define the L 2 -holomorphic Dolbeault complex and the L 2 -Higgs complex as follows:
where the sheaves A i (2) (E) are defined as follows:
is defined as the set of E-valued i-forms η on U ∩ M with measurable coefficients and measurable exterior derivative D ′′ u η, such that η and D ′′ u η have finite L 2 -norm; and the sheaves Ω i (2) (E) are defined as a sub-sheaves of A i (2) (E) germs of which are local holomorphic forms.
Define the hypercohomology of the complex {Ω (2) , θ∧} as the
} is a complex of fine sheaves, its hypercohomology is computed by the cohomology of the corresponding complex of global sections {A (2) 
As in the compact case, using the theory of harmonic forms, one can easily show that the L 2 -de Rham cohomology H * DR,(2) (M, V) is isomorphic to the L 2 -Higgs cohomology H * Higgs,(2) (M, E). To this end, let us first recall the local Kähler identity for harmonic bundles.
Using the previous notation, one has the first order Kähler identities [26] (D
where * represents the adjoint of the respective operator by using the metrics ω and u. On the other hand, set
Using the above first order identities, one then has
This shows that spaces of ∆-harmonic forms valued in the local system V can be identified with that of ∆ ′′ -harmonic forms valued in the Higgs bundle E.
On the other hand, by
Remark 1
The intersection cohomology is a topological notion [6, 7] The conjectures were first proved by S. Zucker [29] when M is a Riemann surface and the harmonic bundle comes from a variation of Hodge structure. It should be pointed out that in the Riemann surface's case, the intersection cohomology H * int (M , j * V) is isomorphic to the sheaf cohomology H * (M , j * V), but this is not in general valid in the higher dimensional case.
In the case that M is a higher dimensional quasi-compact Kähler manifolds and V is a variation of Hodge structure, Conjecture 1 was proved independently by Cattani-Kaplan-Schmid [3] and Kashiwara-Kawai [16] . We also should mention the works of Looijenga [18] and Saper-Stern [22] ; they showed independently that the L 2 -cohomology is isomorphic to the intersection cohomology when the base manifold is an arithmetic variety but the representation is induced from a linear representation of the corresponding Lie group.
In the note, we survey our recent study about Conjecture 1 and 2 [9, 10] . In Section 2, we outline the work when the coefficient is a VHS; Section 3 outlines the work when the base manifold is a noncompact algebraic curve and the representation is unipotent. A natural problem is what the situation is when we don't assume that the representation ρ is unipotent.
Cohomologies valued in VHSs
In this section, we consider cohomologies with coefficients in a variation of Hodge structure and outline the results in [9] .
Let H C = H R ⊗ R C, k a positive integer, and S a real nondegenarate bilinear form on H C satisfying S(u, v) = (−1) k S(v, u). A polarized Hodge structure of weight k is a decomposition H C = p+q=k H p,q satisfying H p,q = H q,p and
where C is the Weil operator defined by Cv = √ −1 p−q v, v ∈ H p,q . Call dim C H p,q the Hodge number, denoted by h p,q . Let D be the classifying space of polarized Hodge structures of weight k, which is a homogeneous complex manifold. Denote by G R the group of holomorphic automorphisms of D (more precisely, the group preserving S and H R ), by G C the complexification of G R ; denote by g 0 (resp. g) the Lie algebra of G R (resp. G C ).
One can consider a family of polarized Hodge structures parameterized by a complex manifold M ; this is the notion of (rational) variation of polarized Hodge structures (in brief, VHS). For the precise definition, one can refer to e.g. [23] , p. 220. As in the introduction, we always assume that M = M − D is a quasi-compact Kähler manifold with a Poincaré-like metric ω, D being a normal crossing divisor, j : M → M the inclusion map. Using the Poincaré-like metric ω on M and the Hodge metric h on H C , we define Ω r (H C ) (2) to be the sheaf of germs of local L 2 holomorphic r-forms valued in j * H C on M , where j is the inclusion map of M into M . According to the Hodge filtration {F p } of the variation, one can then construct a filtration of Ω r (H C ) (2) , denoted by F p Ω r (H C ) (2) , which is the sheaf of germs of local L 2 -holomorphic r-forms on M with values in j * F p−r . On the other hand, the quotient bundle E p−r = F p−r /F p−r+1 inherits a quotient norm from F p−r ; using this quotient norm, we define (Ω r ⊗ E p−r ) (2) as the sheaves of germs of local L 2 -holomorphic forms on M with values in j * E p−r , which, as seen in the following proposition 1, is actually (j * E p−r ⊗ Ω r M (log D)) (2) , the sheaf of germs of local L 2 -sections in j * E p−r ⊗ Ω r M (log D). Then, one can show the following
and the sequence
is exact, where ֒→ is the inclusion map. [29] .
Remark 2 Theorem 1 was first proved by Zucker in the case of Riemann surfaces
Since the following two results are local, w.l.o.g., we can assume M = (△ * ) m , △ * being the punctured disk. π 1 (M ) is then a free abelian group generated by m elements σ 1 , σ 2 , · · · , σ m , σ i corresponding to the counter-clockwise path around 0 of the i-th component of (△ * ) m . Denote by γ i the image of σ i under ρ, which is possibly trivial and (if nontrivial) referred to as the i-th monodromy transformation of the variation. By a result of Borel [23] , up to some finite lifting, throughout this paper we assume that each γ i is unipotent. Set N i = log γ i with the elements on the diagonal being zero.
Corollary 1 θ and hence ∇ 1,0 have the following asymptotic behavior at
and are L 2 -bounded.
For later applications, one needs some explicit expressions of the sheaves Ω r (H C ) (2) . This is done by the following proposition 1, which says that the sheaf Ω r (H C ) (2) can be defined algebraically, just using the logarithmic monodromies N 1 , · · · , N m and the corresponding weight filtrations, and lies in
As a consequence of this fact together with the asymptotic behavior of θ and the theorem 1, we obtain the L 2 holomorphic Dolbeault complex on M ( * )
which is furthermore independent of the Poincaré-like metric and the Hodge metric. The key point of the proof is the norm estimates [2] of the Hodge metric near the singularity. (2) are determined by the monodromies N 1 , · · · , N n and can be expressed in terms of the weight filtrations {W
Proposition 1 The sheaves
log |t n−1 | log |tn| > ǫ, − log |t n | > ǫ}, ǫ > 0. More precisely, if considering the case of dim M = 2, one has the following explicit formulae,
where
, implies that v has nontrivial projections to both Gr
and Gr
In the above, we carefully analyze the L 2 holomorphic Dolbeault complex (2) , θ} of a VHS on M . For uniformity of notations, we from now on denote (E p−r ⊗ Ω r M (log D)) (2) by Gr p F Ω r (H C ) (2) ; it is easy to see that it is actually a piece of (E ⊗ Ω r M (log D)) (2) .
By the infinitesimal period relation of ∇ 1,0 and the L 2 -boundedness of θ, we have (2) .
(More precisely, we should restrict to a piece of θ.) Thus, we obtain a holomorphic Dolbeault subcomplex of (2) and D ′′ 1 = ∂ +∇ 1,0 for p ≥ 0. Here, A r,s is the sheaf of germs of local forms of type (r, s) (not necessarily smooth) on M and (A r,s ⊗ F p−r ) (2) is the sheaf of germs of local L 2 F p−r -valued forms φ of type (r, s) on M for which ∂φ are L 2 in the weak sense, where the action of ∂ is defined as follows: Let φ be a form of type (r, s) and v a holomorphic section of
By the boundedness of (2) . Using the Hodge filtration {F p }, take the successive quotients
which, by the theorem 1 (which is also true for the differentiable case by the proof), can be identified with ⊕ r+s=k (A r,s ⊗ E p−r ) (2) . Here, (A r,s ⊗ E p−r ) (2) is the sheaf on M of germs of local L 2 E p−r -valued forms φ of type (r, s) for which ∂φ are L 2 in the weak sense. Denote the induced map of D ′′ 1 by D ′′ , which is actually ∂ + θ and satisfies (D ′′ ) = 0. We now obtain a complex of fine sheaves on M {[Gr
for p ≥ 0 and the holomorphic Dolbeault subcomplex {Gr
, θ} is its subcomplex. Similar to the complex {Gr
can also be considered as a piece of a larger complex of fine sheaves: Denote by [Gr * 
Theorem 2 then implies Conjecture 2 in the case of variation of Hodge structure.
Cohomologies valued in harmonic bundles on noncompact curves
In this section, we consider cohomologies valued in harmonic bundles on noncompact curves. In order to define the L 2 -cohomology, we need a suitable harmonic metric, which reflects the geometry of the representation ρ. Throughout this section, we assume that ρ is unipotent near the divisor.
Harmonic metrics in the case of noncompact curves
From now on, we assume that M is a noncompact curve, i.e. a compact Riemannian surface deleting finitely many points, and change the symbol M into S, the compactification of which is denoted by S; S = S \ {p 1 , · · · , p s } and j : S → S is the inclusion map. Under such a case together with the assumption that the representation ρ is unipotent, one can easily get a ρ-equivariant harmonic map of finite enegy and its behavior near the punctures {p 1 , · · · , p s }.
It is worth pointing out that in [13] , the authors considered these problems without the restriction of dimension. Since there the target manifolds are very general, the construction of the initial metrics are getting very complicated.
In the present case, since the representation is linear, we will give an explicit construction though the basic idea is the same as [13] ; more importantly, we can see explicitly why the initial map is of finite energy, and hence the analysis of [13] is applicable. The idea of the construction for the initial map will be used in the most general case, where representations need not be unipotent and also the energy of maps need not be finite. Here, we should also point out that the construction in [14] is also a very special one (cf. [11] ); in [27, 28] , we consider some constructions with some artificial singularities. As before, we take the Poincaré-like metric on the base manifold S, and by t denote local Euclidean complex coordinate.
Let ρ : π 1 (S) → GL(n, C) be a semisimple linear representation, and restrict ρ to a neighborhood of p i , say a small punctured disk ∆ * around p i , which we call the boundary representation of ρ, denoted by ρ i . Call the representation ρ unipotent if each ρ i (γ) is a unipotent matrix, where γ is a circle around p i . A result of Borel tells us that this is the case for VHS up to a suitable lifting (cf. e.g. [23] , Lemma 4.5). Take the logarithm of ρ i (γ), denoted by N , which is upper-triangle and all the diagonal entries of which are 0 under a suitable basis.
We now proceed to construct an initial metric on L ρ , equivalently, an initial ρ-equivariant map fromS to Gl(n, C)/U (n). To this end, let us first give some preliminary. Let P n be the set of all positive definite hermitian symmetric matrices of order n. Gl(n, C) acts transitively on P n by g • H =: gH tḡ , H ∈ P n , g ∈ GL(n, C).
Obviously, the action has the isotropic subgroup U (n) at the identity I n . Thus P n can be identified with the coset space Gl(n, C)/U (n), and can be uniquely endowed an invariant metric 2 up to some constants. In particular, under such a metric, the geodesics through the identity I n are of the form exp(tA), t ∈ R, A being a hermitian matrix.
Let the Jordan normal form of N have p Jordan blocks, denoted by N j , 1 ≤ j ≤ p. By the Jacobson-Morosov theorem, one can expand each block
a theorem of Kostant tells us that such a triple, up to conjugations, is unique (cf. e.g. [17] ). Take the Euclidean coordinate t on ∆ * with t(p i ) = 0 and t = re √ −1x ; also take the universal covering
of ∆ * with y = − log r, for a positive number α < 1. Corresponding to a (once and for all) fixed flat sections basis of L ρ , we construct the required Hermitian metric of L ρ on ∆ * as
where M j = exp(xN j )•exp(( 1 2 log | log r|)Y j ). In the following, h i is considered as both a metric and the above matrix under the fixed basis. Clearly, h i , as a map from H α to P n , is ρ i -equivariant when changing log r into y. Geometrically, this is a geodesic ρ i -equivariant embedding of ∆ * into P n which maps the puncture to the infinity of P n , as can be explicitly seen when one embeds geodesically the upper-half plane into the real hyperbolic 3-space H 3 by using the matrix model of H 3 (for more details, cf. [11] ). We also remark that each h i is actually harmonic. Now one can easily extend the metrics {h i } to a global metric on L ρ , denoted by h 0 . Naturally, the corresponding map is ρ-equivariant.
We now want to show that each h i , and hence h 0 , is of finite energy. For simplicity, we may assume here that the Jordan normal form of N has only one Jordan block. Let {Y, N, N − } be the corresponding sl 2 -triple. The semisimple element Y can actually be described as follows. Canonically, C n has a filtration
satisfying that N (W i ) ⊂ W i−2 , Y preserves each W i , and all the quotients W i /W i−2 are 1-dimensional. Then the (induced) action of Y on W i /W i−2 is multiplying by i. Actually, one can also choose a basis {e −(n−1) , e −(n−3) , · · · , e n−3 , e n−1 } of C n , which is compatible with the above filtration (i.e., N e j = e j−2 and {e j } j≤i generates W i ) and satisfies Y e i = ie i . exp(( 1 2 log | log r|)Y ), under the above basis, can then be written as
Then, using the invariant metric of P n , a simple computation shows that the energy of h i satisfies
As mentioned before, since the initial map h 0 is of finite energy, the analysis of [13] works; in particular, one has the following For the direct image sheaf j * L ρ of the local system L ρ on S, one has theČech cohomology H * (S, j * L ρ ); on the other hand, using the Poincaré-like metric ω on S and the harmonic metric h on L ρ , one can define a complex {A · (2) (L ρ ), D} of sheaves over S as in the introduction and then L 2 -de Rham cohomology H * ({Γ(A · (2) (L ρ )), D}), denoted by H * DR,(2) (S, L ρ ).
Theorem 3 There exists a natural identification
. This is Conjecture 1 in the present situation.
Canonically, the proof of Theorem 1 is reduced to prove The proof of the theorem is reduced to show the following lemma, which was first proved by Zucker in the case of VHS (cf. [29] , Proposition 6.4).
Lemma 2 Let V be a holomorphic line bundle on ∆ * with generating section σ, and with a Hermitian metric satisfying σ 2 ∼ | log r| k , k ∈ Z, k = 1.
Then for every germ of an L 2 (0, 1)-form φ = f dt ⊗ σ at the puncture, there exists an L 2 section u ⊗ σ with ∂u = f dt.
